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Today

• Cell	phone	data	in	quaternion	representations
• Gyroscope	measurement	models
• Accelerometer	measurement	models
Choosing	the	state	and	modeling	its	dynamics

• Model	for	the	prior and	probabilistic	models





Recall:	
Pitch,	Roll,	and	Yaw



Why	does	a	unit	quaternion	represent	
a	rotation	and	how?

• Work	out	details	with	the	students	on	the	
board.



Unit	Quaternion	and	Euler	Angles
• Each	unit	quaternion	can	be	associated	to	a	
rotation	around	an	axis.	



Complication:	There	are	several		
different	Fields,	Poles,	and	Frames

• Gravitational	fields
• Electric	fields
• Magnetic	fields
• Magnetic	pole
• Geographic	pole	
• Heliocentric	frame
• Geocentric	frame







Precession
• The	slow	movement	

of	the	axis	of	a	
spinning	body	around	
another	axis	due	to	a	
torque	(such	as	
gravitational	
influence)	acting	to	
change	the	direction	
of	the	first	axis.	It	is	
seen	in	the	circle	
slowly	traced	out	by	
the	pole	of	a	spinning	
gyroscope.



North	Magnetic	pole	and	
Geographic	North	pole



North	Magnetic	pole	
and	

Geographic	North	pole











4	different	frames



Using	subscripts	b,	e,	n,	I	to	denote	
the	four	different	frames	

• the	n-frame	at	a	
certain	location	on	
the	earth,	

• the	e-frame	
rotating	with	the	
earth	and	

• the	i-frame.	



• A	gyroscope	measures	the	sensor’s	angular	
velocity,	i.e.	the	rate	of	change	of	the	sensor’s	
orientation.	

• An	accelerometer	measures	the	external	
specific	force	acting	on	the	sensor.	



Inertial	Sensor	and	IMUs

• The	term	inertial	sensor	
is	used	to	denote	the	
combination	of	a	three-
axis	accelerometer	and	a	
three- axis	gyroscope.

• Devices	containing	these	
sensors	are	commonly	
referred	to	as	inertial	
measurement	units	
(IMUs).	

• Inertial	sensors	are	
nowadays	also	present	
in	most	modern	
smartphone,	and	in	
devices	such	as	Wii	
controllers	and	virtual	
reality	(VR)	headsets.	



MEMS	has	large	#	of	Applications.		Bellow	all	use	of	a	single	IMU	
placed	on	a	moving	object	to	estimate	its	pose.	



Dead-reckoning



Caution!

• Accelerometer	data	is	not	the	record	of	
acceleration!



we	must	understand	rotations	even	when	we	just	
want	to	use	accelerometer	data	in	our	analysis

• Why?		Say	if	we	want	to	get	the	position	data	
of	the	user,		we	can	not	just	simply	integrate	
twice	of	accelerometer	data	since	
accelerometer	data	is	not	acceleration	(the	
second	derivative	of	the	position);

• rather	the	accelerometer	data	is	recorded	by	
an	accelerometer	which	measures	some	
specific	force	f	in	the	body	frame.		



The	relation	between	this	force	f	(	the	
accelerometer	data)	and	the	linear	

acceleration	a	is	given	below:	

where	
R	denote	the	rotation,	
g	denotes	the	gravity	vector	and	
a	denotes	the	linear	acceleration	of	the	sensor	expressed	in	navigation	
frame.

We	use	a	superscript	to	indicate	in	which	coordinate	frame	a	vector	is	
expressed.	



Again:	Four	different	frames	
we	are	going	to	use

• 1.	The	cell	phone	body	frame	b.
• 2.	The	navigation	frame	n.
• 3.	The	inertial	frame i.	(This	is	the	fixed	
frame!	Note	it	does	not	even	depending	on	
the	earth’s	rotation.	We	have	to	do	analysis	
by	moving	everything	 into	this	frame.)

• 4.	The	earth	frame	e.



4	different	frames



Using	subscripts	b,	e,	n,	I	to	denote	
the	four	different	frames	

• the	n-frame	at	a	
certain	location	on	
the	earth,	

• the	e-frame	
rotating	with	the	
earth	and	

• the	i-frame.	



How	to	rotate	vectors	from	one	frame	
to	another?

Rnb Rotate	from	from	b	to	n

Xn =	RnbXb As	if		b	cancelled,	left	n



What	does	a	gyroscope	exactly	measure?	

The	gyroscope	measures	the	angular	velocity	of	
the	(cell	phone)	body	frame	with	respect	to	the	
inertial	frame,	expressed	in	the	body	frame,		



What	does	a	accelerometer	exactly	
measure?	

• The	accelerometer	measures	the	specific	
force	f	in	the	body	frame	b.	This	can	be	
expressed	as	

where	g	denotes	the	gravity	vector	and	an denotes	the	linear	

acceleration	of	the	sensor	expressed	in	the	navigation	frame,	which	is

The	subscripts	are	used	to	indicate	in	which	frame	the	differentiation	is	

performed.



Ask	yourself:	In	which	frame	the	
derivative	was	taken?

For	example:	
For	navigation	purposes,	we	are	interested	in	
the	position	of	the	sensor	in	the	navigation	
frame	pn and	its	derivatives	as	performed	in	the	
navigation	frame:



How	are	aii and	ann are	exactly	related?

• A	relation	between	aii and	ann can	be	derived	
by	using	the	relation	between	two	rotating	
coordinate	frames.	Given	a	vector	x	in	a	
coordinate	frame	u,	

Like	a	product	 rule,	but	be	caution

where	we	have	use	the	two	equations on	previous	2	slides	and	use	the		
fact	that	the	angular	velocity	of	the	earth	is	constant,



We	often	want	to	view	vi and	aii in	the	
inertial	frame.			How?

• Using	the	fact	that	



Similarly	we	can	express	velocity	v	and	
acceleration	a	in	earth	coordinates

• This	is	a	reasonable	assumption	as	long	as	the	sensor	does	not	travel	over	
significant	distances	as	compared	to	the	size	of	the	earth	and	it	will	be	one	
of	the	model	assumptions	that	we	will	use	in	this	course.	



Now	we	can	derive	the	relation	of	
accelerations	in	different	frames.

This	is	a	reasonable	 assumption	as	long	as	the	sensor	does	not	travel	over	

significant	distances	as	compared	to	the	size	of	the	earth	and	it	will	be	one	of

the	model	assumptions.

Because	this	model	assumption,	 it	is	not	a	good	idea	to	put	
all	the	data	collected	from	everywhere	in	this	world	into	on	
data	set.		Keeping	them	apart	has	its	advantages.



We	can	use	them	to	detect	whether	a	
person	is	in	car	or	not.





Get	used	to	see	things	from	different	
points	of	view,	especially	for	rotations







• Visualizing	a	rotation	represented	by	an	Euler	
axis	and	angle.



Extension	of	Euler’s	formula

Recall:	Euler’s	formula:	



Inverse	and	Composition



Euler	Angle



Pitch,	roll,	and	yaw



Gimbal	Lock



• We	will	analyze	further	using	quaternions	
next.



Exponential	an	skew	symmetric	matrix,	
we	get	a	rotation	matrix



Recall:



What	is	a	rigid	motion/transformation?



Note:	Rotation	and	Translation	
do	not	commute

• This	can	be	viewed	as	first	rotating	the	vector	v	
by	using	rotation	matrix	R,	then	translate	by	t.

• What	if	we	first	translate	the	vector	v	by	t	and	
then	do	the	rotation	by	R?



Key	property	of	any	rigid	motion:	
preserves	the	distance!

For	the	Euclidean	distance	d	and	



Claim:	The	tangent	plane	of	the	Lie	
group	SO(3)	at	the	identity	is	the	set	

of	skew-symmetric	matrices.			
Work	out	details	with	the	students	on	
the	board.	
Even	we	are	interested	in	n=3.		All	the	
derivations	can	be	extended	to	dim=n.

so(n)	is	called	the	Lie	algebra	of	the	Lie	group	SO(n).



The	set	of	rigid	motions	SE(n)	also	
form	a	Lie	Group

• Note:		Here	we	used	the	homogeneous	
representation	of	rotation	and	translation.



Geometric	aspect	of	the	exponential	
and	logarithm



• Moreover,	we	have	a	closed	formula	for	it:	

• The	above	is	the	famous	Rodrigues	Formula.

• This	problem	is	solved	by	using	the	famous	Rogeous
Formula.	



Derivation	of	Rodrigues	Formula

• Work	out	the	details	with	the	students.



• The	power	of	Exp and	Log	of	matrices!



• Note:



How	to	calculate	the	angle?

• Taking	the	norm	both	sides	of	

• We	get



Summarize

• This	means	that	the	direction	of	the	rotation	
axis	is	given	by	the	logarithm	of	the	matrix	
associated	with	u.



• This	relationship	between	skew-symmetric	and	rotation	matrices	by	
means	of	exponentials	and	logarithms	are	the	key	to	explain	the	
importance	of	these	matrix	functions	in	rigid	motions	and	robotics.	There	
are	many	other	geometric	problems	involving	exponentials	and	logarithms	
of	matrices.	For	example,	my	student	Tum	and	I	was	working	on	the	design	
of	trajectories	for	UAVs	in	an	indoor	environments	(meaning	assuming	
without	GPS).		



Claim:	Given	a	unit	quaternion,	we	
can	define	a	rotation.



What	is	the	matrix	for	Rq?

• Ans:		It	is	the	matrix	representation	of	Rq.

• How	to	find	it?
• Ans:	Let	Rq acts	on	the	basis	{1,	i,	j,	k}





Recovering	the	axis-angle	representation



Differentiation	with	respect	to	the	
rotation	quaternion



Will	be	covered	in	Math	173,	Advanced	linear	Algebra.



We	also	can	add	a	scalar	to	a	vector	
and	find	inverse	of	a	vector!



Now	we	can	multiply	two	vectors	in	R3	and	in	R4 !
First	define	it	in	R3

by	viewing	them	as	pure	imaginary	quaternions





Quaternions	are	extension	of	complex	numbers

Multiply	two	quaternions:	



Notations	for	using	multiple	frames
• Pay	attention	to	the	subscripts!

Caution:



• Be	able	to	change	quaternion	multiplication	to	
matrix/vector	multiplication	fluently.	



Compare	with	







Cautions
• Some	exiting	estimation	algorithms	typically	assume	that	the	

unknown	states	and	parameters	are	represented	in	Euclidean	space.	
– For	instance,	they	assume	that	the	subtraction	of	two	orientations	gives	

information	about	the	difference	in	orientation	and	that	the	addition	of	
two	orientations	is	again	a	valid	orientation.	

• If	you	work	in	a	parameterizing	space,	you	still	need	to	be	careful.
– For	instance,	due	to	wrapping	and	gimbal	lock,	subtraction	of	Euler	

angles	and	rotation	vectors	can	result	in	large	numbers	even	in	cases	
when	the	rotations	are	similar.	

• Subtraction	of	unit	quaternions	and	rotation	matrices	do	not	in	
general	result	in	a	valid	rotation.	

• The	equality	constraints	on	the	norm	of	unit	quaternions	and	on	the	
determinant	and	the	orthogonally	of	rotation	matrices	are	typically	
hard	to	include	in	the	estimation	algorithms.	

• We	will	discuss	some	methods	later	to	represent	orientation	in	
estimation	algorithms	that	deals	with	the	issues	described	above.
– frequently	used	correct	representations	and	algorithms	

• we	will	also	discuss	some	alternative	methods	to	parametrize orientation	for	
estimation	purposes.	









Correct	ways	we	use

• Recall	the	set	of	rotations	is	a	Lie	group,	so	there	
exists	an	exponential	map	from	a	corresponding	
Lie	algebra.	

• We	use	exponential	map	from	so(3)	to	SO(3)	and	
logarithm	from	SO(3)	to	so(3).

• We	represent	orientations	on	SO(3)	using	unit	
quaternions	or	rotation	matrices,	

• We	represent	orientation	deviations	using	
rotation	vectors	on	R3	(Key!	This	mimic	how	we	
deal	with	rotation	in	R2	using	Euler	angle.)



Specifically,



Gyroscope	measurement	models
(Later)	


