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S^3	is	a	double	cover	of	SO(3)	

•  Last	time:	Very	pair	of	unit	quaternions	q	&	-q	
represents	a	rotation.			

•  The	set	of	unit	quaternions	form	a	sphere	S^3	
in	R^4.		

•  We	can	show	that	S^3	is	a	double	cover	of	
SO(3).	

	
	



How	does	S^3	look	like?	



Recall:	There	are	a	lot	of	circles	on	S2	



There	are	also	a	lots	of	circles	on	S^3	



Hopf	Fibration	

•  https://www.youtube.com/watch?
v=AKotMPGFJYk	



Rigid	Body	Kinematics	
	

•  https://www.seas.upenn.edu/~meam620/
slides/kinematicsI.pdf	



The	important	subgroups	of	SE(3)	
	



The	important	subgroups	of	SE(3)	
(continue)	



The	Group	of	Rotations	





Locally	exponential	down	to	form	data	
manifold	

•  Suppose	we	have	data	points	in	R^n	and	
clustered	in	different	areas.		In	each	area	find	a	
center	c	of	the	data	points	and	view	them	as	a	
vectors	in	R^n.		Use	exponential	map	to	mape	
this	tangent	space	at	c	to	form	a	manifold.	

•  Cover	the	data	using	those	areas	and	then	then	
exponential	down	all	of	them.	

•  The	collections	of	those	exponential	down	curved	
pieces	could	form	a	manifold?	



Decompose	a	Rotation	to	3	Successive	Rotations	











The	group	of	translations	
	







The	special	Euclidean	group		
in	two	dimensions	

	





The	one-parameter	subgroup	in	SE(3)	
	







Velocity	analysis	
	Work	out	details	with	students	on	the	board	



Lie	Algebra	of	the	Lie	group	SO(3)	

•  Work	out	details	with	the	students	on	the	
board.	



In	general:	Definition	of	Lie	Algebra	



What	would	happen	if	we	use	unit	
quaternions	to	represent	rotations?	



Get	used	to	see	things	from	different	
points	of	view,	especially	for	rotations	







•  Visualizing	a	rotation	represented	by	an	Euler	
axis	and	angle.	



Extension	of	Euler’s	formula	

Recall:	Euler’s	formula:		



Inverse	and	Composition	



Euler	Angle	



Pitch,	roll,	and	yaw	



Gimbal	Lock	



•  We	will	analyze	further	using	quaternions	
next.	



Exponential	an	skew	symmetric	
matrix,	we	get	a	rotation	matrix	



Recall:	
	



What	is	a	rigid	motion/transformation?	



Note:	Rotation	and	Translation		
do	not	commute	

•  This	can	be	viewed	as	first	rotating	the	vector	v	
by	using	rotation	matrix	R,	then	translate	by	t.	

•  What	if	we	first	translate	the	vector	v	by	t	and	
then	do	the	rotation	by	R?	



Key	property	of	any	rigid	motion:	
preserves	the	distance!	

For	the	Euclidean	distance	d	and		
	



Claim:	The	tangent	plane	of	the	Lie	
group	SO(3)	at	the	identity	is	the	set	

of	skew-symmetric	matrices.				
Work	out	details	with	the	students	on		
the	board.		
Even	we	are	interested	in	n=3.		All	the		
derivations	can	be	extended	to	dim=n.	

so(n)	is	called	the	Lie	algebra	of	the	Lie	group	SO(n).	



The	set	of	rigid	motions	SE(n)	also	
form	a	Lie	Group	

•  Note:		Here	we	used	the	homogeneous	
representation	of	rotation	and	translation.	



Geometric	aspect	of	the	exponential	
and	logarithm	



•  Moreover,	we	have	a	closed	formula	for	it:		

•  The	above	is	the	famous	Rodrigues	Formula.	

•  This	problem	is	solved	by	using	the	famous	Rogeous	
Formula.		



Derivation	of	Rodrigues	Formula	

•  Work	out	the	details	with	the	students.	



Derivation	of	Rodrigues’	Rotation	
Formula	



Key	idea:	Only	rotate	the	Perpendicular	part	















Matrix	
Rotation	





Lie-Algebraic	derivation		
of	Rodrigues’	Rotation	Formula	







Logarithm	of	a	Matrix	
	



Example:		
Logarithm	of	rotations	in	the	plane	

	



Logarithm	of	rotations	in	3D	space	
	



Calculating	the	logarithm	of	a	
diagonalizable	matrix	

	



The	logarithm	of	a	non-diagonalizable	
matrix	

	





A	Lie	group	theory	perspective	
	









Properties	



The	power	of	Exponential	and	Log	of	
matrices!	

	



•  Note:	



How	to	calculate	the	angle?	

•  Taking	the	norm	both	sides	of		

•  We	get	



Summarize	

•  This	means	that	the	direction	of	the	rotation	
axis	is	given	by	the	logarithm	of	the	matrix	
associated	with	u.	



The	power	of	Exponential	and	Log	of	
matrices!	

	



•  Note:	



How	to	calculate	the	angle?	

•  Taking	the	norm	both	sides	of		

•  We	get	



Summarize	

•  This	means	that	the	direction	of	the	rotation	
axis	is	given	by	the	logarithm	of	the	matrix	
associated	with	u.	



•  This	relationship	between	skew-symmetric	and	rotation	matrices	by	
means	of	exponentials	and	logarithms	are	the	key	to	explain	the	
importance	of	these	matrix	functions	in	rigid	motions	and	robotics.	There	
are	many	other	geometric	problems	involving	exponentials	and	logarithms	
of	matrices.	For	example,	my	student	Tum	and	I	was	working	on	the	
design	of	trajectories	for	UAVs	in	an	indoor	environments	(meaning	
assuming	without	GPS).			



Claim:	Given	a	unit	quaternion,	we	
can	define	a	rotation.	



What	is	the	matrix	for	Rq?	
•  Ans:		It	is	the	matrix	representation	of	Rq.	

•  How	to	find	it?	
•  Ans:	Let	Rq	acts	on	the	basis	{1,	i,	j,	k}	





Recovering	the	axis-angle	representation	
	



Differentiation	with	respect	to	the	
rotation	quaternion	

	



Will	be	covered	in	Math	173,	Advanced	linear	Algebra.	



We	also	can	add	a	scalar	to	a	vector	
and	find	inverse	of	a	vector!	



Now	we	can	multiply	two	vectors	in	R3	and	in	R4	!	
First	define	it	in	R3	

by	viewing	them	as	pure	imaginary	quaternions	





Quaternions	are	extension	of	complex	numbers	

Multiply	two	quaternions:		



Notations	for	using	multiple	frames	
•  Pay	attention	to	the	subscripts!	

Caution:	



•  Be	able	to	change	quaternion	multiplication	to	
matrix/vector	multiplication	fluently.		



	Compare	with		







Cautions	
•  Some	exiting	estimation	algorithms	typically	assume	that	the	

unknown	states	and	parameters	are	represented	in	Euclidean	space.		
–  For	instance,	they	assume	that	the	subtraction	of	two	orientations	gives	

information	about	the	difference	in	orientation	and	that	the	addition	of	
two	orientations	is	again	a	valid	orientation.		

•  If	you	work	in	a	parameterizing	space,	you	still	need	to	be	careful.	
–  For	instance,	due	to	wrapping	and	gimbal	lock,	subtraction	of	Euler	

angles	and	rotation	vectors	can	result	in	large	numbers	even	in	cases	
when	the	rotations	are	similar.		

•  Subtraction	of	unit	quaternions	and	rotation	matrices	do	not	in	
general	result	in	a	valid	rotation.		

•  The	equality	constraints	on	the	norm	of	unit	quaternions	and	on	the	
determinant	and	the	orthogonally	of	rotation	matrices	are	typically	
hard	to	include	in	the	estimation	algorithms.		

•  We	will	discuss	some	methods	later	to	represent	orientation	in	
estimation	algorithms	that	deals	with	the	issues	described	above.	
–  frequently	used	correct	representations	and	algorithms		
	

•  we	will	also	discuss	some	alternative	methods	to	parametrize	orientation	for	
estimation	purposes.		









Correct	ways	we	use	

•  Recall	the	set	of	rotations	is	a	Lie	group,	so	there	
exists	an	exponential	map	from	a	corresponding	
Lie	algebra.		

•  We	use	exponential	map	from	so(3)	to	SO(3)	and	
logarithm	from	SO(3)	to	so(3).	

•  We	represent	orientations	on	SO(3)	using	unit	
quaternions	or	rotation	matrices,		

•  We	represent	orientation	deviations	using	
rotation	vectors	on	R3	(Key!	This	mimic	how	we	
deal	with	rotation	in	R2	using	Euler	angle.)	



Specifically,	



Gyroscope	measurement	models	
(Later)		

	




